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This study considers a deterministic model of Ebola Virus Disease (EVD) incorporating contact 
tracing and quarantine as interventions. The model analyze the existence and stability of Disease-
Free Equilibrium (DFE) and Endemic Equilibrium (EE) states. The local stability of EE is 
established using centre manifold theorem. The global stability of the two equilibrium states are 
obtained by constructing the Lyapunov function. Numerical simulations are carried out to 
examine the impact of contact tracing and quarantine measures on the transmission dynamics of 
EVD. The result indicates that EVD could be eliminated faster when contact tracing and 
quarantine measures are implemented together. 
 
Keywords:  Ebola virus disease; Contact tracing; Quarantine; Effective reproduction number; 
Stability analysis; Bifurcation analysis; Lyapunov functions 
 
 





Ebola virus is one of the viruses that causes viral hemorrhagic fevers. It belongs to the family of 
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filoviruses. The natural reservoir for Ebola virus still remains unknown. However, it is 
speculated that arthropods, rodents and bats could be the hosts (Chowell and Nishiura, 2014; 
Sullivan et al., 2003). There are five identified subtypes of Ebola virus classified based on their 
locations of origin namely; Ebola Zaire, Ebola Sudan, Ebola Ivory Coast and Ebola Bundibugyo. 
All these classifications cause disease in humans except Ebola Reston which causes disease in 
non-human primates (CDC, 2009; Brooks et al., 2007). There are more than twenty-five 
epidemics of Ebola since the discovery of the virus in 1976. The 2014 epidemic in West Africa 
caused by Ebola Zarie was the most deadly because it recorded 28,608 suspected cases and 
11,306 deaths (WHO, 2016). 
 
The Ebola virus has an incubation period of usually 4 to 10 days but it can vary from 2 to 21 
days. The virus is spread through close contact with the blood, secretions, organs or other bodily 
fluids of infected animals or an infected person found ill or dead in the population (WHO, 2014; 
Hauora, 2014). It can also spread through indirect contact with environmental objects 
contaminated with these fluids in hospital settings such as needles, syringes, beddings and 
clothing.  People remain infectious for as long as their bodily fluids contain the virus.  
 
The signs and symptoms of the Ebola virus disease are usually mistaken for other diseases such 
as malaria, typhoid fever, influenza and other bacterial infections. The prevention and control of 
Ebola virus in Africa pose many challenges because the identity and location of the natural 
reservoir of the virus is still unknown. 
 
There is no licensed medication or vaccine for treatment of Ebola patients other than intensive 
supportive therapy. However, some drugs and vaccines such as ZMapp and rVSV-ZEBOV, yet 
to undergo complete clinical trials are used on compassionate grounds. Permanent immunity in 
patients who recovered from a given subtype and or other subtypes of Ebola virus has not been 
confirmed (ECDC, 2014). Given this scenario, application of non-pharmaceutical interventions 
such as contact tracing and quarantine will accelerate the control of the spread of EVD. Contact 
tracing is defined as the process of identifying, assessing and managing people who have been in 
contact with an infected person (CDC, 2014). Quarantine, on the other hand, is the restriction of 
movement of those exposed to a communicable disease for a period of time equivalent to the 
incubation period (CORE public health functions for BC, 2010).  
 
Several researchers have formulated mathematical models on how to curtail EVD. Legrand et al. 
(2007) used a modified Susceptible Exposed Infected Recovered (SEIR) stochastic model to 
study the dynamics of EVD epidemics by subdividing infected individuals into hospitalized, 
funeral, infectious and symptomatic cases. Transmission was assumed to occur in the 
community, hospital setting and during funeral if the dead bodies were not properly handled. 
Recovered individuals were assumed to have permanent immunity. They applied the model to 
Uganda 2000 and Democratic Republic of Congo 1995 Ebola epidemics. Their result showed 
that rapid implementation of control measures such as barrier nursing within isolation ward and 
prompt hospitalization will reduce disease spread within the hospital and the community. Rivers 
et al. (2014) applied the model of Legrand et al. (2007) to 2014 Liberia Ebola epidemics in order 
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Okeke et al. (2014) developed deterministic model for Ebola virus disease by separating the 
health workers from the general population leading to two basic SEIR subpopulation models. 
Althaus (2014) used a SEIR model to explain the 2014 West African Ebola virus epidemic with 
an assumption that the epidemic started with a single infected case. House (2014) studied the 
dynamics of Ebola outbreaks using three stochastic models: the transmission, the new outbreak 
and the case fatality models. 
 
Atangana and Goufo (2014) developed a SusceptibleInfected-Recovered-Death (SIRD) model to 
study the spread of EVD in Sub-Saharan African countries such as Liberia, Guinea and Sierra 
Leone. They assumed that recovered individuals lost immunity and become susceptible again 
with natural death in Susceptible Infected Recovered (SIR) compartments. Li et al. (2015) 
proposed a Susceptible-Exposed-Infected-Treatment (SEIT) model of Ebola virus transmission. 
They assumed that some treated individuals will die of the disease while some will recover and 
lose immunity. The exposed class was assumed to be infected.  Webb et al. (2015) modified an 
SEIR model for Ebola virus by incorporating contact tracing in the model and applied it to 2014 
Sierra Leone, Liberia, and Guinea Ebola epidemics. 
 
This study is motivated by the work of Legrand et al. (2007) and the 2014 Ebola epidemic that 
ravaged West African countries. It is clear that many mathematical models had been developed 
to analyze the spread of EVD but none to the best of our knowledge had considered the 
combined impact of contact tracing and quarantine on EVD. To this end, we consider the role of 
contact tracing and quarantine as control measures on the transmission dynamics of EVD and 
examine the global stability of the equilibrium states of the model.   
 
 
2. The Model Formulation 
 
The model in this paper examines the dynamics of EVD. The total population size denoted by 
𝑁(𝑡) at time 𝑡 is divided into four sub-populations namely Susceptible individuals, 𝑆(𝑡), 
Quarantined individuals, 𝑄(𝑡), Infected individuals, 𝐼(𝑡), and individuals under treatment, 𝑇(𝑡). 
Susceptible class, S(𝑡), are individuals who can be infected by Ebola virus following a contact 
with infected individuals and infected class, 𝐼(𝑡), are those infected with Ebola virus in the 
community and are capable of spreading the disease to susceptible individuals. The Quarantined 
individuals, 𝑄(𝑡), consists of immigrants from the affected countries, who are coming in or 
passing through the target population at a rate 𝜀 and those from active contact tracing process. 
The total population size denoted by 𝑁(𝑡) at time 𝑡 is given by 
 
𝑁(𝑡) = 𝑆(𝑡) + 𝑄(𝑡) + 𝐼(𝑡) + 𝑇(𝑡). 
 
This model concentrates on the long term control of EVD by incorporating vital dynamics. A 
natural death rate, 𝜇 > 0, is assumed in susceptible, infected and treatment sub-populations of 
the model. A death rate, 𝜇1 > 0, is assumed for quarantine class since they have a short stay in 
this class, that is, between 2 and 21 days. The susceptible class is increased in three ways: 
immigration from non-Ebola affected population at a rate, 𝛬, treated individuals who recovered 
but lose immunity at a rate, 𝜙, and quarantined individuals who did not develop symptoms after 
the incubation period of the virus and return to the susceptible class at a rate, 𝜎. Individuals in 
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, where 𝛽 is defined as the probability that a contact between a susceptible person and an 
infected person leads to a new infection (Benyah, 2007). In addition, the population of 
quarantined individuals is increased by recruitment of immigrants from EVD affected population 
where the disease is endemic at a rate, 𝜀 and the population of exposed susceptible individuals 
identified through contact tracing at a rate, 𝑐1. The population of quarantined individuals that 
develop symptoms of infection progress to the treatment class at a rate,  𝜑. Contact tracing is 
carried out on all persons in the treatment class. This is to pull out more infected individuals who 
are still in the community to the treatment class at a rate, 𝑐2 and those that may have been 
exposed in the susceptible class to the quarantined class at a rate, 𝑐1 (Hsieh et al., 2010; Mubayi 
et al., 2010). Infected individuals move to treatment class in two ways. One way is through 
active contact tracing and the other is through self-presentation to hospitals at a rate, 𝛼. 
Individuals in infected class may die due to EVD at a rate, 𝑑1 (Li et al., 2015). 
 
Furthermore, the following are additional assumptions of the model. 
 
i. The population is homogeneous.  
ii. Immigrants from EVD affected populations are quarantined for a period of time 
equivalent to the incubation period of the disease. 
iii. Treatment individuals may become susceptible again when they recover since EVD is not 
known to confer immunity (Atangana and Goufo, 2014; Kalu et al., 2016). 
iv. Individuals who died of the disease are immediately buried, preventing transmission after 
death (Leward et al., 2014). 
v. Exposed class of individuals is ignored since the incubation period of the disease is short. 
 
The above assumptions lead to the flow diagram in Figure 1 while Table 1 gives the 
parameters of the model. 
 
Figure 1. Flow diagram for EVD transmission model with contact tracing and quarantine. 
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Disease transmission rate 
Contact tracing rate for infected individuals 
Contact tracing rate for exposed susceptible individuals 
Ebola induced death rate for infected class 
Immigration rate from non-Ebola affected populations    
Rate at which quarantined individuals who did not develop symptoms of 
infection return to susceptible class  
Rate at which individuals under treatment recover and become susceptible again 
Immigration rate from Ebola affected populations 
Natural death rate for susceptible, infected and treatment classes 
Death rate for quarantined class for the period of 2 – 21 days 
Rate for identifying the infected persons in the quarantined class 
Rate for identifying the infected persons in the infected class 
 
From the assumptions of the model and the flow diagram in Figure 1, the model equations are 




=  Λ –
𝛽𝑆𝐼
𝑁
+  𝜎𝑄 + 𝜙𝑇 − 𝜇𝑆 − 𝑐1𝑆 ,      𝑆(0) =  𝑆0,            (1) 
𝑑𝑄
𝑑𝑡






− (𝜇 + 𝛼 + 𝑑1)𝐼 − 𝑐2𝐼 ,                𝐼(0) = 𝐼0,            (3) 
𝑑𝑇
𝑑𝑡
= 𝛼𝐼 +  𝜑𝑄 + 𝑐2𝐼 − 𝜇𝑇 − 𝜙𝑇 ,           𝑇(0) = 𝑇0,            (4) 
 
where, 𝑆0 , 𝑄0 , 𝐼0 , and 𝑇0 are assumed to be positive. 
 
 
3. Demographic Parameters  
 
 
The spread of EVD in Liberia started on 16th of June 2014 as officially reported by WHO with 
33 cases and 24 deaths (Althaus, 2014). The whole population of Liberia was estimated at 
4,396,554 in the year 2014 (World Bank group, 2016a). We estimate the initial conditions as 
𝑆(0) = 4396554 − 33 = 4396521, 𝐼(0) = 33, and 𝑇(0) = 33 − 24 = 9. For 𝑄(0), the initial 
quarantined individuals, it is computed as 𝑄(0) = 107 − 33 = 74  (that is the difference 
between 30th June, 2014 and 16th June, 2014), since the incubation period of EVD falls within 
the period. Here, 107 is the number of confirmed cases as at 30th June, 2014 while 33 is the 
number of confirmed cases as at 16th June, 2014. 
We have twelve parameters for model equations (1) – (4). Immigration rate, Λ and natural death 
rate, 𝜇 are estimated from the demographic profile of Liberia. For immigration rate, 𝛬, we 
5
Madubueze et al.: Ebola Virus Disease Model with Contact Tracing and Quarantine
Published by Digital Commons @PVAMU, 2018
AAM: Intern. J., Vol. 13, Issue 1 (June 2018) 387 
 
estimated it from birth rate of Liberia, that is, total number of births per 1000 of a population 𝑁 
in a year. It is estimated at midyear. Liberia birth rate is given as 35 per 1000 for 2014 (World 







4396554 = 421.59 ≈ 422 individuals per day. In addition, the natural death rate, 𝜇 is 
expressed as total number of deaths per 1000 individual per year estimated in midyear. So, the 







= 2.465753 × 10−5 𝑑𝑎𝑦−1. Using the parameter values from Rivers et al. 
(2014), we have the parameter values given in Table 2.  
 
 
4. Model Analysis 
 
The model of equations (1) - (4) has a unique solution in the feasible region 
 
 𝛺 = {(𝑆, 𝑄, 𝐼, 𝑇) ∈ ℝ+




The details of the proof can be found in (Madubueze et al., 2016). This means that the model is 
biologically meaningful and epidemiologically well posed in the region, Ω, that is, every solution 
of the model with initial condition in positive region, Ω, remains or enters at all time (Hethcote, 
2000). We now consider the stability analysis of the equations (1) – (4). 
 
4.1. The disease-free equilibrium state and its stability 
 
From Madubueze et al. (2017), the disease – free equilibrium state (DFE), 𝐸0 = (𝑆0, 𝑄0, 0, 𝑇0) is   















𝑁0 = 𝑆0 + 𝑄0 + 𝑇0,  𝑓 = 𝜎 + 𝜑 + 𝜇1,     𝑔 = 𝜙 + 𝜇     and     ℎ = 𝜇 + 𝛼 + 𝑑1 + 𝑐2.         (6)  
                      
The effective reproduction number, 𝑅𝑒, is defined as the mean number of new infections 
generated by a typical infectious individuals introduced in a population where contact tracing 
and quarantine are adopted as control measures. It is a threshold parameter that governs the 
spread of disease in a population where control measures are in place. When 𝑅𝑒 < 1, it means 
that EVD can be eliminated from the population in the presence of contact tracing and 
quarantine. However, when 𝑅𝑒 > 1, it implies that EVD will persist in the population where 
contact tracing and quarantine are implemented. The effective reproduction number, 𝑅𝑒 , is 
computed using next generation method described by Driessche and Watmough (2002).   











].            (7) 
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According to Driessche and Watmough (2002), the DFE 𝐸0 is locally asymptotically stable if 
𝑅𝑒 < 1 and unstable if 𝑅𝑒 > 1.  
 
Applying the model equations (1) – (4) to the 2014 Liberia Ebola epidemic gives 𝑅𝑒 =
0.3722121449. It means that a small inflow of infected immigrants would not generate large 
outbreaks. Therefore, EVD will be eradicated from the population where contact tracing and 
quarantine are implemented together (that is, the DFE is stable). 
 
This is comparable to the effective reproduction number by Legrand et al., (2007) for the 2000 
Ugandan Ebola epidemic. They estimated  𝑅𝑒 = 0.4 after implementation of barrier nursing 
while Rivers et al. (2014) estimated reproduction number, 𝑅0 = 2.23 for 2014 Liberia Ebola 
epidemic after pharmaceutical intervention. Both authors used the same stochastic model and 
considered either of barrier nursing or pharmaceutical interventions. However, our model is a 
deterministic model which considered implementation of non-pharmaceutical interventions such 
as contact tracing and quarantine. From the reproduction numbers aforementioned, it is clear that 
the implementation of quarantine and contact tracing measures will reduce the spread of EVD 
faster.  
 
4.2. Endemic equilibrium state 𝑬𝟏 
 
The Endemic Equilibrium (EE) state, 𝐸1, is a steady state solution where the disease persists in 
the population (𝐼 ≠ 0). It is obtained by setting the derivatives of the model equations (1) – (4) to 
zero and solving the resultant equations. 
 





.                   (8) 
 
Let 𝐸1 = (𝑆
∗, 𝑄∗, 𝐼∗, 𝑇∗) represent any endemic equilibrium of model equations (1) – (4).  
Then, “solving the resultant equations of model (1) – (4) in terms of =
𝛽𝐼
𝑁
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𝐴 = 𝑓(𝛼𝜇 + 𝜇𝑐2 + 𝜇𝑔 + 𝑔𝑑1);   
𝐵 = 𝜎 + 𝜇2𝜑 + 𝜇2𝜇1 + 𝜇𝜙𝜎 + 𝜇𝜙𝜑 + 𝜇𝜙𝜇1 + 𝜇𝜑𝑐1 + 𝜇𝑐1𝜇1 + 𝜙𝑐1𝜇1. 
 
Now, 𝑁∗ = 𝑆∗ + 𝑄∗ + 𝐼∗ + 𝑇∗, which gives  𝑁∗ =
𝐶𝜆+𝐷 
𝐴𝜆+𝐵 
  with 
 
𝐶 = Λ𝑓𝑔 + 𝑔𝜎𝜀 + 𝜙𝜑𝜀 + Λ𝛼𝑓 + Λ𝑓𝑐2 + 𝛼𝜀𝜎 + 𝜀ℎ𝜑 + 𝜎𝜀𝑐2 + 𝜀(𝛼𝜇 + 𝜇𝑐2 + 𝜇𝑔 + 𝑔𝑑1), 
𝐷 = ℎ(𝛬𝑓𝑔 + 𝑔𝜎𝜀 + 𝜙𝜑𝜀 + 𝛬𝑔𝑐1 + 𝑔𝑐1𝜀 + 𝑔𝜇𝜀 + 𝛬𝜑𝑐1 + 𝜑𝑐1𝜀 + 𝜇𝜑𝜀). 
 
Substituting 𝐼∗ as 𝐼 and 𝑁∗ as 𝑁  into (8) and simplifying gives 
 
𝐶𝜆 + 𝐷(1 − 𝑅𝑒) = 0.                                      (9) 
 







(𝑅𝑒 − 1) > 0,         whenever     𝑅𝑒 > 1.                    (10) 
 
The component of 𝐸1 = (𝑆
∗, 𝑄∗, 𝐼∗, 𝑇∗) is obtained by substituting the value of 𝜆 given in (10) 




















This lead to the following theorem. 
 
Theorem 1.  
 
The model of equations (1) – (4) has one unique (positive) endemic equilibrium, given by 𝐸1, 
whenever 𝑅𝑒 > 1. 
 
 
4.3. Local stability of the endemic equilibrium state 
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The local stability of endemic equilibrium can be established by finding the eigenvalues of the 
Jacobian matrix evaluated at the endemic equilibrium state. Sometimes, this approach can be 
mathematically complicated. The approach of centre manifold theory described by Castillo - 
Chavez and Song (2004) to investigate the stability of endemic equilibrium near 𝑅𝑒 = 1 is 
applied. It is used to examine the existence of backward and forward bifurcation at 𝑅𝑒 = 1 
(Arion et al., 2003; Xue and Wang, 2012). When the bifurcation is forward, it implies that 
disease free equilibrium is locally asymptotically stable for 𝑅𝑒 < 1 and there is no disease in the 
population and also endemic equilibrium is locally asymptotically stable for 𝑅𝑒 > 1. This means 
the disease cannot invade the population when 𝑅𝑒 < 1 and is possible to have global 
asymptotical stability of the two equilibria. However, backward bifurcation occurs when the 
endemic equilibrium exists for 𝑅𝑒 < 1 and disease free equilibrium may exist when 𝑅𝑒 > 1. This 
is due to existence of multiple equilibria and re-infection. This happens when a stable endemic 
equilibrium co – exist with the DFE. The presence of backward bifurcation implies that 𝑅𝑒 < 1 
is not sufficient condition to eradicate the disease that is endemic in the population but is 
adequate for avoiding an epidemic caused by few infectives introduced initially in the population 
(Piazza and Wang, 2013). The global asymptotical stability of the two equilibrium states (DFE 
and EE) may be impossible.   
  
Theorem 2. Centre manifold theory (Castillo - Chavez and Song, 2004). 
  




= 𝐹(𝑥, 𝛽),                                (11) 
 
𝐹: 𝑅 × 𝑅𝑛 → 𝑅 and 𝐹 ∈ 𝐶2(𝑅𝑛 𝑥 𝑅), 
 
where 0 is an equilibrium point for the system (11) for all values of the parameter 𝛽, that is 
𝐹(0, 𝛽) ≡ 0 for all 𝛽 and  
 
1. 𝐴 = 𝐷𝑥𝐹(0,0) = [
𝑑𝐹𝑖
𝑑𝑥𝑗
(0,0)] is the linearization matrix of the system (11) around the 
equilibrium point 0 with 𝛽 evaluate at 0. 
 
2. Zero is a simple eigenvalue of A and all other eigenvalues of A have negative real parts.  
 
3. Matrix A has a right eigenvector 𝒘 and a left eigenvector 𝒗 corresponding to the zero 
eigenvalue. 
 
Let 𝑓𝑘 be the 𝑘
𝑡ℎ component of 𝐹 and  
 
𝑎 = ∑ 𝑣𝑘𝑤𝑖𝑤𝑗
𝜕2𝑓𝑘
𝜕𝑥𝑖𝜕𝑥𝑗
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Then, “the local dynamics of the system (11) around the equilibrium point 0 is totally determined 
by the signs of a and b”. 
 
i. 𝑎 > 0, 𝑏 > 0 when 𝛽 < 0 with |𝛽| ≪ 1, 0 is locally asymptotically stable, and there 
exists a positive unstable equilibrium; when 0 < 𝛽 ≪ 1, 0 is unstable and there exists a 
negative and locally asymptotically stable equilibrium. 
 
ii. 𝑎 < 0, 𝑏 < 0, when 𝛽 < 0 with |𝛽| ≪ 1, 0 is unstable; when 0 < 𝛽 ≪ 1, asymptotically 
stable, and there exists a positive unstable equilibrium. 
 
iii.  𝑎 > 0, 𝑏 < 0, when 𝛽 < 0 with |𝛽| ≪ 1, 0 is unstable; and there exists a locally 
asymptotically stable negative equilibrium; when 0 < β ≪ 1, 0 is stable and a positive 
unstable equilibrium appears. 
 
iv. 𝑎 < 0, 𝑏 > 0, when 𝛽 < 0 changes from negative to positive, 0 changes its stability from 
stable to unstable. Corresponding to a negative unstable equilibrium becomes positive 
and locally asymptotically stable. 
 
Particularly, if a < 0 and b > 0, then a forward bifurcation occurs at 𝛽 = 0. 
 








] = 1.  
 
Let  𝛽 = 𝛽∗ , where 𝛽∗ is chosen as the bifurcation parameter that occurs at 𝑅𝑒 = 1, and solve 
for 𝛽∗.  We obtain  
 





so that the DFE, 𝐸0 is locally stable when 𝛽 < 𝛽
∗, that is, 𝑅𝑒 < 1 and unstable when 𝛽 > 𝛽
∗, 
that is, 𝑅𝑒 > 1. 
 




= 𝑓1 =  Λ −
𝛽∗𝑥1𝑥3
𝑁
+ 𝜎𝑥2 + 𝜙𝑥4 − 𝜇𝑥1 − 𝑐1𝑥1,            (12) 
𝑑𝑥2
𝑑𝑡






− ℎ𝑥3,              (14) 
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= 𝑓4 = 𝜑𝑥2 + (𝛼 + 𝑐2)𝑥3 − 𝑔𝑥4,            (15) 
                
where 𝑓, 𝑔 and ℎ are defined in (6) and 𝑁 = 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 . 
 
The Jacobian matrix 𝐽(𝐸0) of model (1) − (4) at the disease-free equilibrium when 𝛽 = 𝛽
∗ with 
𝑅𝑒 = 1 is given by  
 
𝐽(𝐸0) = [
−(𝜇 + 𝑐1) 𝜎 −ℎ 𝜙
𝑐 −𝑓 0 0
0 0 0 0
0 𝜑 𝛼 + 𝑐2 −𝑔
] .           (16) 
           
The Jacobian matrix 𝐽(𝐸0) in equation (16) has eigenvalue, 𝜆 = 0 as a simple zero eigenvalue 
and negative eigenvalues using Routh – Hurwitz criteria on the characteristics equation  
 




 𝑃 = 𝑔 + 𝑓 + 𝑐1 + 𝜇, 
𝑄 = 𝑓𝑔 + 𝑐1𝑔 + 𝜇𝑔 + 𝜇𝑓 + 𝑐1(𝜑 + 𝜇1),  
𝑅 = 𝜇𝑓𝑔 + 𝑐1𝜇1𝑔 + 𝑐1𝜑𝜇.  
 
Applying the centre manifold theory, let 𝒘 = (𝑤𝟏, 𝑤2, 𝑤3, 𝑤4) be the right eigenvector 
associated with the zero eigenvalue. This is computed by multiplying the Jacobian matrix 𝐽(𝐸0) 


















               (17) 
     
Similarly, the left eigenvector of the Jacobian 𝐽(𝐸0) associated with the zero eigenvalue is given 
by 𝒗 = (𝑣𝟏, 𝑣2, 𝑣3, 𝑣4) and it satisfies 𝒗.𝒘 = 1. Transposing Jacobian  𝐽(𝐸0) first and 
multiplying by 𝒗 and equate to zero, we have 𝒗 = (0,0, 𝑣3, 0). 
 
Computation of a and b. 
 





− ℎ𝑥3  
11
Madubueze et al.: Ebola Virus Disease Model with Contact Tracing and Quarantine
Published by Digital Commons @PVAMU, 2018
AAM: Intern. J., Vol. 13, Issue 1 (June 2018) 393 
 
 
will be used to determine a and b from the system of equations (12) – (15). The associated non-




































































(𝛽∗𝑤1 − ℎ(𝑤1 + 𝑤2 + 2𝑤3 +𝑤4)).           (18) 
    












 .  
 






  . 
 















> 0,  since         𝑣3𝑤3 = 1.  
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     or        𝛽∗ >
ℎ(𝑤1+𝑤2+2𝑤3+𝑤4)
𝑤1
 ,  
 
where  𝑤2, 𝑤3 and 𝑤4 are defined in (17). 
 
We have the following theorem. 
 
Theorem 3.  
 
The model (1) – (4) exhibits a backward bifurcation at 𝑅𝑒 = 1 if 
𝛽∗𝑤1 > ℎ(𝑤1 + 𝑤2 + 2𝑤3 + 𝑤4). If β
∗ < 0, this implies that there exists unstable negative 
endemic equilibrium state and when β∗ changes from negative to positive, a positive stable 
endemic equilibrium point exists. Therefore, the endemic equilibrium state, E1 is locally 
asymptotically stable for 𝑅𝑒 > 1, but close to 1 when 𝛽
∗𝑤1 < ℎ(𝑤1 + 𝑤2 + 2𝑤3 + 𝑤4). 
 
Theorem 3 means that the control of the EVD depends on the initial sizes of the sub-population 
of model equations (1) – (4) when bifurcation is backward. In this case, the EVD may not die out 
in the population even when 𝑅𝑒 < 1. However, when bifurcation is forward, it implies that the 
control of the EVD does not depend on the number of people that are initially infected. This 
means that EVD will be eradicated in the population when 𝑅𝑒 < 1 while the disease remains in 
the population when 𝑅𝑒 > 1.  
 
4.4. Global stability of equilibrium states 
 
We analyze the global stability of disease-free equilibrium and endemic equilibrium of the model 
equations (1) – (4) when the bifurcation is forward, since global stability may not exist for 
backward bifurcation (Garba et al., 2008). The global stability of disease-free equilibrium 
implies that disease eradication is independent of initial sizes of the subpopulations when 𝑅𝑒 <
1. Using the theorem by Shuai and Driessche (2013), we state the following theorem. 
 
 
Theorem 4.  
 











𝐼(𝑡).                    (19) 
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− ℎ) 𝐼,                        (20) 
                                   









− 1) 𝐼.              (21) 
      











− 1) 𝐼.  
 
Using the definition of 𝑅𝑒 in (7), it implies that  
              
𝐿′(𝑡) ≤ (𝑅𝑒 − 1)𝐼.              (22) 
                     
Thus, if 𝑅𝑒 ≤ 1, then 𝐿
′(𝑡) ≤ 0. Also, 𝐿′(𝑡) = 0 if and only if   𝑆 = 𝑆0, 𝑄 = 𝑄0, 𝑇 = 𝑇0, and 𝐼 =
0. Therefore the maximum invariant set in {(𝑆, 𝑄, 𝐼, 𝑇) ∈ Ω ∶  𝐿′(𝑡) = 0} is the singleton {𝐸0}, 
where 𝐸0 is the disease free equilibrium state. By LaSalle’s invariant principle, every solution to 
the model equations (1) – (4) with initial conditions in 𝛺, tends to 𝐸0 as 𝑡 ⟶ ∞. Hence, the 
disease free equilibrium state, 𝐸0 is globally asymptotically stable in Ω if  𝑅𝑒 ≤ 1.  
 
Next, the global stability property of the endemic equilibrium state 𝐸1 is studied for the special 
case when the disease-induced death rate, 𝑑1 = 0 so that 𝑁 →
Λ+𝜀
𝜇










 since 𝑁 =
Λ+𝜀
𝜇
 . In the absence of disease-induced death rate 
(𝑑1 = 0), the frequency dependent incidence, 
𝛽𝐼𝑆
𝑁
 , changes to density dependent incidence ?̅?𝐼𝑆.  
We state the following theorem using the approach by (Kaur et al., 2014; Nyerere et al., 2014; 
Gou and Li, 2011).  
 
Theorem 5.  
 
In the absence of disease-induced death rate, (𝑑1 = 0), the endemic equilibrium (EE) state.  𝐸1 is 













   for  0 < 𝑆∗ < 𝑆, 
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𝑏((𝛼 + 𝑐2)𝐼 + 𝜑𝑄) > 𝜙𝑇
𝑆∗
𝑆












The global stability of the EE can be determined by constructing a Lyapunov function 𝐿(𝑡) such 
that  
 
𝐿(𝑡) = (𝑆 − 𝑆∗ − 𝑆∗ ln
𝑆
𝑆∗
) + (𝑄 − 𝑄∗ − 𝑄∗ln
𝑄
𝑄∗
) + (𝐼 − 𝐼∗ − 𝐼∗ ln
𝐼
𝐼∗










 .               (23) 
                    







) 𝑆′ + (1 −
𝑄∗
𝑄
)𝑄′ + (1 −
𝐼∗
𝐼







) (Λ − ?̅?𝑆𝐼 + 𝜙𝑇 + 𝜎𝑄 − 𝜇𝑆 − 𝑐1𝑆) + (1 −
𝑄∗
𝑄
) (𝜀 + 𝑐1𝑆 − (𝑢 + 𝜑 + 𝜎)𝑄) (1 −
𝐼∗
𝐼
) (?̅?𝑆𝐼 − (𝑐2 + 𝛼 + 𝑑1 + 𝜇)𝐼) +  𝑏 (1 −
𝑇∗
𝑇
) ((𝛼 + 𝑐2)𝐼 + 𝜑𝑄 − (𝜇 + 𝜙 + 𝑑2)𝑇).          
(24) 
 
At the equilibrium state, 𝐸1 = (𝑆
∗, 𝑄∗, 𝐼∗, 𝑇∗), we have the following relations 
 
Λ = ?̅?𝑆∗𝐼∗ + 𝜇𝑆∗ − 𝜙𝑇∗ − 𝜎𝑄∗ + 𝑐1𝑆
∗
𝜀 = (𝑢 + 𝜑 + 𝜎)𝑄∗ − 𝑐1𝑆
∗
(𝛼 + 𝑐2 + 𝑑1 + 𝜇) = ?̅?𝑆
∗











.                               (25) 
                                                                                    
Substituting (25) into (24), we obtain 
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) (?̅?𝑆∗𝐼∗ + 𝜇𝑆∗ + 𝑐1𝑆




) (𝑐1𝑆 − 𝑐1𝑆
∗ + (𝑢 + 𝜑 + 𝜎)𝑄∗ − (𝑢 + 𝜑 + 𝜎)𝑄) + (1 −
𝐼∗
𝐼




















) (?̅?𝑆∗𝐼∗ (1 −
𝑆𝐼
𝑆∗𝐼∗




) + 𝜙𝑇 (1 −
𝑇∗
𝑇







) ((𝑢 + 𝜑 + 𝜎)𝑄∗ (1 −
𝑄
𝑄∗
) + 𝑐1𝑆 (1 −
𝑆∗
𝑆


























)).            (26) 
  

















































































)).         (27) 
                        


































).          (28) 
 

























  𝑎𝑛𝑑  1 ≤
𝑇∗
𝑇





≤ 0 for all (S, Q, I, T) in Ω and the equality 
𝑑𝐿
𝑑𝑡
= 0 holds only for 𝑆 = 𝑆∗, 𝑄 = 𝑄∗, 
𝐼 = 𝐼∗, and 𝑇 = 𝑇∗. Thus, the endemic equilibrium state 𝐸1 is the only positively invariant set in 
feasible region 𝛺 = {(𝑆, 𝑄, 𝐼, 𝑇) }. By LaSalle’s invariant principle, the endemic equilibrium 





5. Numerical Simulation 
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Numerical Simulations of the model are carried out using the initial conditions, 𝑆(0) =
4396521, 𝑄(0) = 74, 𝐼(0) = 33, 𝑇(0) = 9 and parameter values in Table 2 except where 
specified otherwise.  
 
Table 2: Parameter values of the EVD Model 










































Figure 2. Simulation result showing the absence of quarantine and no control measure on the 
dynamics of EVD. Without quarantine, 𝑐1 = 𝜇1 = 𝜀 = 𝜎 = 𝜑 = 0, 𝑄 = 0 and 𝑅𝑒 =
0.9938508090. In the case of absence of contact tracing and quarantine 
measures, 𝑐1 = 𝑐2 = 𝜇1 = 𝜀 = 𝜎 = 𝜑 = 0, 𝑄 = 0 and 𝑅0 = 1.758435805. Here, Q = 
Quarantine and CM = control measure. 
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The Figure 2 considers the absence of control measure on the transmission of EVD. In the 
absence of quarantine measure (that is only contact tracing measure is implemented), the 
effective reproduction number, 𝑅𝑒 < 1 and there is a steady decline in the spread of the EVD 
because of the presence of contact tracing measure. This implies that EVD will die out in the 
population even when quarantine measure is not implemented. This happens because of the 
presence of contact tracing measure. However, when both quarantine and contact tracing 
measures are absent, the effective reproduction number, 𝑅𝑒 > 1. This will result to high 
mortality rate of EVD in the population.  
 
Figure 3. Simulation result showing the absence of contact tracing measure on the dynamics of 
EVD. Here, 𝑐1 = 𝑐2 = 0,  𝑅𝑒 = 1.758204642 and CT = contact tracing. 
 
The Figure 3 shows the absence of contact tracing in the transmission of EVD. In this case, 𝑅𝑒 >
1, which behaves similar to when there is no intervention in the population. There is a rapid 
spread of EVD within first three months of the outbreak which reaches a peak and then begins to 
decline but not to zero (Figure 3c). This decline could be as a result of behavioral adaptation 
among individuals within the population. The result indicates that the spread of EVD will 
gradually decline after several months without contact tracing measure.  Nevertheless, the EVD 
will still remain in the population. This implies that quarantine measure only will not eradicate 
the disease in the population. 
 
The Figure 4 demonstrates the situations when only infected individuals are traced and when 
only the susceptible individuals that are exposed are traced in the presence of quarantine 
intervention. Any of these contact tracing implementation will reduce the number of infected 
individuals in the population but the reduction will take longer time when only infected 
individuals are traced. This may be that the infected individuals must have infected people before 
they are traced making EVD to spread more in the population. This is also shown in their 
respective effective reproduction number in Figure 4. 
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Figure 4. Simulation result showing the effect of contact tracing on dynamics of EVD. Here, 




Figure 5. Simulation result showing the dynamics of EVD in the presence of contact tracing and 
quarantine. Here, 𝑅𝑒 = 0.3722121449. 
 
 
The Figure 5 considers when both contact tracing and quarantine are carried out simultaneously. 
This causes a sharp drop in the number of infected individuals within a very short period of time 
(Figure 5c). This is comparable with tracing only the susceptible individuals that are exposed 
(Figure 4c). The implication is that early intervention in terms of contact tracing and quarantine 
measures are very necessary to limit the spread of EVD. 
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6.  Conclusion 
 
In this study, a deterministic model for the dynamics of EVD is presented and analyzed. The 
existence and stability of the disease-free and endemic equilibrium states are established and the 
disease-free equilibrium is shown to be locally asymptotically stable when the effective 
reproduction number is less than unity. The endemic equilibrium is proved to be locally 
asymptotically stable when the effective reproduction number is greater than unity but close to 
unity. This is done using centre manifold theorem by Castillo - Chavez and Song (2004) to prove 
the existence of forward bifurcation at effective reproduction number equal to unity under certain 
conditions. With the condition of forward bifurcation, the global stability of the two equilibrium 
states are established using Lyapunov function approach. In addition, the numerical simulation of 
the model is carried out to examine the effect of varying some parameters on the transmission of 
the EVD. The result shows that the combined implementation of contact tracing and quarantine 




The authors would like to thank the referees and the Chief Editor for their valuable suggestions 




Althaus, C. L. (2014). Estimating The Reproduction Number of Ebola Virus (EBOV) during the 
2014 outbreak in West Africa. PLOS Currents Outbreaks. Edition 1.  
Arion, J., Mccluskey, C. C. and Van Den Driessche, P. (2003). Global Results for an Epidemic 
Model with Vaccination that Exhibits Backward Bifurcation. SIAM Journal on Applied 
Mathematics, 64(1): 260-276. 
Atangana, A. and Goufo, E. F. D. (2014). On the Mathematical Analysis of Ebola Hemorrhagic 
Fever: Deathly Infection Disease in West African Countries. BioMed Research 
International, 2014, article ID 261383, 7pp. 
Benyah, F. (2007). Epidemiological Modeling and Analysis. The 13th Edward A. Bouchet / 
Abdusa Salam workshop, University of Ghana Legon, Accra. 9 -13th July, 2007. 
Brooks, G. F., Carroll, K. C., Butel, J. S. and Morse, S. A. (2007). Jawetz, Melnick, and 
Adelberg’s Medical Microbiology, 24th Ed., Morse Publisher, McGraw-Hill Companies, 
Inc. p. 530. 
Castillo – Chavez, C. and Song, B. (2004). Dynamical Models of Tuberculosis and their 
Applications. Mathematical Biosciences and Engineering, 1(2): 361-404.  
CDC (2009). Ebola Hemorrhagic Fever Information Packet.  www.cdc.gov/vhf/ebola/pdf/fact-
sheet  
CDC (2014). Method for Implementing and Managing Contact Tracing for Ebola Virus Disease 
in Less-affected Countries. 
Chowell, G. and Nishiura, H., (2014). Transmission dynamics and control of Ebola virus disease 
(EVD): a review. BMC Med, 12(1): 196. 
20
Applications and Applied Mathematics: An International Journal (AAM), Vol. 13 [2018], Iss. 1, Art. 25
https://digitalcommons.pvamu.edu/aam/vol13/iss1/25
 
402  C. E. Madubueze et al. 
 
 
CORE Public Health Functions for BC (2010). Evidence Review: communication Disease 
(Public Health Measures).  BC Ministry of Healthy Living and Sport. 
Driessche, P. Van den, and Watmough, J. (2002). Reproduction Numbers and Sub-Thresholds 
Endemic Equilibrium for Compartmental Models of Disease Transmission. Mathematical 
Bioscience, 180 (2002): 29 – 48. 
ECDC (2014). Outbreak of Ebola virus disease in West Africa, European Centre for Disease 
Prevention Control. 8 April 2014. Stockholm. 
Garba, S. M., Gumel, A. B. and Bakar, M. R. A. (2008). Backward Bifurcations in Dengue 
Transmission Dynamics. Mathematical Biosciences, 15(1): 11-25. 
Gou, H. and Li, M. Y. (2011). Global Stability of the Endemic Equilibrium of a Tuberculosis 
Model with Immigration and Treatment. Canadian Applied Mathematics Quarterly, 19(1), 
Spring, 1 – 18.  
Hauora, M. (2014). Ebola Virus Disease (EVD): Updated Information for Health Professionals 
and Laboratories. Ministry of Health, 31 July, 2014. 
Hethcote, H. W. (2000). The Mathematics of Infectious Diseases. SIAM REVIEW, 42(4): 599-
653. 
House, T. (2014).  Epidemiological Dynamics of Ebola Outbreaks. eLife, 10.7554/eLife.03908. 
Hsieh, Y., Wang, Y., Arazoza, H. and Lounes, R. (2010). Modeling Secondary Level of HIV 
Contact Tracing: Its Impact on HIV Intervention in Cuba. BMC Infectious Diseases, 10 
(194).  
Kalu, A. U., Akuagwu, N. A. and Agwu, I. A. (2016). A Mathematical Model for the Control of 
the Spread of Ebola Virus Disease in West Africa – A Disease-free Equilibrium Approach. 
British Journal of Mathematical and Computer Science, 12(5):1-9. 
Kaur, N., Ghosh, M. and Bhatia, S. S. (2014). Mathematical Analysis of the Transmission 
Dynamics of HIV/AIDS: Role of Female Sex Workers. Applied Mathematics and 
Information Sciences, 8(5): 2491 – 2501.  
Legrand, J., Grais, R. F., Boelle, P. Y., Valleron, A. J. and Flahault, A. (2007). Understanding 
the Dynamics of Ebola Epidemics.  Epidemiology and Infection, 135(4): 610-621. 
Lewnard, A. J., Ndeffo-Mbah, M. L., Alfaro-Murillo, J., Altice, F. L., Bawo, L., Nyenswah, T. 
G. and Galvani, A. P. (2014). Dynamics and Control of Ebola Virus Transmission in 
Montserrado, Liberia: A Mathematical Modelling Analysis. THE LANCET Infectious 
Diseases, 14(12):1189 – 1195. 
Li, Z., Teng, Z., Feng, X., Li, Y. and Zhang, H. (2015). Dynamical Analysis of an SEIT 
Epidemic Model with Application to Ebola Virus Transmission in Guinea. Computational 
and Mathematical Methods in Medicine, 2015, article ID 582625, 11 pages.  
Li, Z., Teng, Z., Feng, X., Li, Y. and Zhang, H. (2015). Dynamical Analysis of an SEIT 
Epidemic Model with Application to Ebola Virus Transmission in Guinea. Computational 
and Mathematical Methods in Medicine, 2015, article ID 582625, 11 pp.  
Madubueze, C.E., Kimbir, A. R., Onah, E. S. and Aboiyar, T. (2016). Existence and Uniqueness 
of Solution of Ebola Virus Disease Model with Contact Tracing and Quarantine as Controls. 
Nigerian Journal of Mathematics and Applications, 25: 111 – 121. 
Madubueze, C.E., Kimbir, A. R., Onah, E. S. and Aboiyar, T. (2017). Analysis of a 
Mathematical Model of Ebola Virus Disease with Contact Tracing and Quarantine 
Measures. Transaction of the Nigerian Association of Mathematical Physics, 3 (January): 75 
– 82. 
21
Madubueze et al.: Ebola Virus Disease Model with Contact Tracing and Quarantine
Published by Digital Commons @PVAMU, 2018
AAM: Intern. J., Vol. 13, Issue 1 (June 2018) 403 
 
Mubayi, A., Zaleta, C. K., Martcheva, M. and Castillo-Chavez, C. (2010). A Cost-Based 
Comparison of Quarantine Strategies for New Emerging Diseases. Mathematical 
Biosciences and Engineering, 7(3): 687 - 717. 
Nyerere, N., Luboobi, L. S. and Nkanah-Gyekye, Y. (2014). Bifurcation and Stability of the 
Dynamics of Tuberculosis Model incorporating Vaccination, Screening and Treatment. 
Communication in Mathematics Biology and Neuroscience, 2014(3): 1 – 30. 
Okeke, I. N., Manning, R. S. and Pfeiffer, T. (2014). Diagnostic Schemes for Reducing Epidemic 
Size of African Viral Hemorrhagic Fever Outbreaks. Journal of Infection in Developing 
Countries, 8(9): 1148-1159.  
Piazza, N. and Wang, H. (2013). Bifurcation and Sensitivity Analysis of Immunity Duration in 
an Epidemic. International Journal of Numerical Analysis and Modelling, Series B, 4(2): 
179-202. 
Rivers, C. M., Lofgren, E. T., Marathe, M., Eubank, S. and Lewis, B. L. (2014). Modelling the 
Impact of Interventions on an Epidemic of Ebola in Sierra Leone and Liberia. PLOS Current 
Outbreaks, Ed 1.  
Shuai, Z., and van den Driessche, P. (2013). Global Stability of Infectious Disease Models Using 
Lyapunov Functions. SIAM Journal on Applied Mathematics, 73(4): 1513 – 1532. 
Sullivan, N., Yang, Z. and Nabel, G. J. (2003). Ebola Virus Pathogenesis: Implications for 
Vaccine and Therapies. Journal of Virology, 77(18): 9733-9737. 
UNICEF (2016). At a Glance: Liberia. www.unicef.org\infobycountry\liberia_statistics.html. 
Webb, G., Browine, C., Huo, X., Seydi, O., Seydi, M., and Magal, P. (2015). A Model of the 
2014 Epidemic in West Africa with Contact Tracing. PLOS Currents Outbreaks, 1st edition. 
Who (2014). Case Definition Recommendations for Ebola or Marburg Virus   Diseases.  
Who (2016). Ebola Data and Statistics. apps.who.int/gho/data/view.ebola-sitrep.ebola-summary-
latest. 
World Bank Group (2016a). Total Population for Liberia. 
       http:\\data.world.org\indicator\SP.DYN.CDRT.IN 
World Bank Group (2016b). Birth Rate for Liberia.  
       http:\\data.world.org\indicator\SP.DYN.CDRT.IN 
World Bank Group (2016c). Death Rate for Liberia.  
       http:\\data.world.org\indicator\SP.DYN.CDRT.IN. 
Xue, Y. and Wang, J. (2012). Backward Bifurcation of an Epidemic Model with Infectious Force 
in Infected and Immune Period and Treatment. Abstract and Applied Analysis, 2012, Article 




Applications and Applied Mathematics: An International Journal (AAM), Vol. 13 [2018], Iss. 1, Art. 25
https://digitalcommons.pvamu.edu/aam/vol13/iss1/25
